Abstract. We find plane models for all X 0 (N ), N ≥ 2. We observe a map from the modular curve X 0 (N ) to the projective plane constructed using modular forms of weight 12 for the group Γ 0 (N ); the Ramanujan function ∆, ∆(N ·) and the third power of Eisestein series of weight 4, E 3 4 , and prove that this map is birational equivalence for every N ≥ 2. The equation of the model is the minimal polynomial of ∆(N ·)/∆ over C(j).
Introduction
The recent paper [12] by Muić presents a new method of finding defining equations for modular curves. As an application of the method one example was presented -a map from X 0 (N) to the projective plane defined by The image of the map (1-1) is an irreducible projective curve which we denote by C N . In [12] , Lemma 5-4 and Lemma 5-5, it is proved that the curve C p is birational to X 0 (p) for every prime number p and a question was posed whether the map is always birational.
We answer that question and prove that this is true for every number N ≥ 2.
equations are rather large. As computed in [2] , the explicit bound for the logarithmic height of the modular polynomial of prime level l is 6l log(l) + 18l.
It would be interesting to compute the height of our polynomials, and we believe that the bound would be very close to this one. The classical modular equation, the minimal polynomial of j(N·) over C(j) is very hard to compute ( [3] ) and so are other modular polynomials for different modular functions ( §7 of [3] or [1] ) and this is also the case for our polynomials.
Computing the defining equations of modular curves is an interesting problem in the theory of modular curves. We would like to mention the paper [14] by Young which provides the simplest equations for X 0 (N) and as well for X(N) and X 1 (N). There are also interesting papers by Ishida and Ishii , [4] , [5] , where the authors find generators for function fields of X(N) and X 1 (N). We use their argument in proving Theorem 1-2.
The method we use for finding models is developed by Muić in [10] , [11] and [12] . I would like to thank G. Muić for introducing me into this very interesting subject and for many useful conversations and advices.
Maps to projective plane
Let Γ be a Fuchsian group of first order. The quotient space of the complex upper halfplane H by the action of Γ is a Riemann surface which we will denote X(Γ). This set can be compactified by adding orbits of cusps of Γ. For Γ = Γ 0 (N), this compact Riemann surface is denoted by X 0 (N) and called modular curve.
The main idea of [12] is to map X(Γ) to the projective plane P 2 using modular forms. It is achieved in the following way:
Take three linearly independent modular forms f , g and h in M k (Γ) and construct the map X(Γ) → P 2 by defining it on the complement of points in X(Γ) which are orbits of common zeros of f , g and h by
. The map defined in this way is uniquely determined holomorphic map from the Riemann surface X(Γ) to P 2 . It is actually a rational (in fact regular because the domain is compact) map
The image is an irreducible projective curve which we denote by C(f, g, h), whose degree is less or equal to dim M k (Γ) + g(Γ) − 1. This bound for deg(C(f, g, h)) equals the degree of integral divisors attached to modular forms f ,g and h (see [12] , Lemma 2-2 (vi)) and can be shown by calculating the number of points in the intersection of C(f, g, h) with a line in general position.
The degree of the map (2-1) is the degree of the field extension
and we denote it by d(f, g, h).
The field of rational functions C(C(f, g, h)) of the image curve is isomorphic to a subfield of C(X(Γ)) generated over C by g/f and h/f . Therefore, the map (2-1) is birational equivalence if and only if g/f and h/f generate C(X(Γ)).
In [12] , the following formula for the degree of the image curve C(f, g, h) was proved:
be three linearly independent modular forms. Then, we have the following:
where c 
Proof of Theorem 1-2
For a non-constant function f ∈ C(X(Γ)), the degree of the subfield generated by f equals the degree of the divisor of poles of f (see [8] , §6) which we will denote by
Returning to the map (2-1) we have an easy condition for birational equivalence:
Lemma 3-1. The map (2-1) is a birational equivalence if
The converse is not true. For the map (1-1) when N > 2 the degrees of divisors of poles of j and ∆(N·)/∆ are always divisible by 2.
But we can look at other functions in C(C(f, g, h)). This is an argument which is used in [4] (see Lemma 2) to find generators of function fields of modular curves X(N) and X 1 (N).
Lemma 3-2. If there are two non-constant functions
f 1 and f 2 in C(g/f, h/f ) such that gcd(d(f 1 ), d(f 2 )) = 1
, then the map (2-1) is a birational equivalence.
Proof. Since f 1 ∈ C(g/f, h/f ) we have a sequence
and from this we see
Now we can prove Theorem 1-2.
Proof. We look at the following two non-constant functions in C (j, ∆(N·)/∆):
We compute d(f 1 ) and d(f 2 ) and show that these numbers are relatively prime. First, we need the divisors of modular forms ∆, ∆(N·) and E Divisors of ∆ and ∆(N·) can also be easily calculated using the formula for the order of an η−quotient at the cusp c/d (see [6] ). Here are their divisors:
Now, the divisor of poles of f 1 is minus the divisor of ∆ and its degree is Let us compute the divisor of f 2 . Function ∆(N·)/∆ has poles at the cusps c/d 
The maximum appearing in formula (3-4) equals 
Since gcd(d(f 1 ), d(f 2 )) = 1, Lemma 3-2 implies that d N = 1 and we have proved Theorem 1-2.
The degree of the map (1-1) is one and the degree of C N can be computed via Theorem 2-2. We have:
. We present few equations (the polynomial P N is the minimal polynomial of ∆(N·)/∆ over C(j), P N (j, ∆(N·)/∆) = 0): 
